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ABSTRACT

This paper presents multifactor Keynesian models of the long-term interest rate. In recent years
there have been a proliferation of empirical studies based on the Keynesian approach to interest
rate modeling. However, standard multifactor models of the long-term interest rate in
quantitative finance have not been yet incorporated Keynes’s insights about interest rate
dynamics. Keynes’s insights about the influence of the current short-term interest rate are
introduced in two different multifactor models of the long-term interest rate to illustrate how the
long-term interest rate relates to the short-term interest rate, the central bank’s policy rate,
inflation expectations, the central bank’s inflation target, volatility in financial markets, and

Wiener processes.
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1. INTRODUCTION

This paper presents multifactor Keynesian models of the long-term interest rate. John Maynard
Keynes highlighted the crucial role the current short-term interest rate plays in determining the
long-term interest rate. The Keynesian approach to interest rate modeling has been revitalized in
several empirical studies in recent years. Nevertheless, benchmark models of the long-term
interest rate in quantitative finance have yet to introduce Keynes’s useful insight about interest
rate dynamics and financial markets. Attempts at integrating Keynes’s insights about interest rate
dynamics in benchmark models in quantitative finance have focused on one-factor models rather
than multifactor models. This paper fills this lacuna by developing two multifactor models of the
long-term interest rate based on Keynes’s insight that the short-term interest rate is the key driver
of the long-term interest rate, while recognizing the role of other macroeconomic factors, such as
the central bank’s policy rate, inflation expectations, and the central bank’s inflation target. The
models presented here modify some benchmark models in quantitative finance to convey

Keynes’s insight regarding interest rate dynamics.

The paper is structured as follows. Section 2 briefly describes Keynes’s views on interest rates
and the findings of the recent Keynesian empirical literature on interest rate dynamics. Section 3
presents two multifactor models of the long-term interest rate based on the short-term interest
rate, the central bank’s policy rate, inflation expectations, the central bank’s inflation target, and

Wiener processes. Section 4 concludes.

2. KEYNES’S VIEWS ON INTEREST RATES

Keynes (1930) firmly maintained that the central bank’s policy rate is the key determinant of the
long-term interest rate on government bonds. He rejected the loanable funds view of the interest
rate as articulated by classical economists. Keynes drew on Riefler’s (1930) statistical findings
showing the connection between the long-term interest rate and the short-term interest rate in the
United States in the 1920s and his own observations during the same period in the United

Kingdom.



Keynes’s (1930, [1936] 2007) views on interest rates were based on his conceptions of
uncertainty, endogenous expectations, financial markets and institutions, money, liquidity
preference, and animal spirits. Keynes recognized that: (1) “the outstanding fact is the extreme
precariousness of the basis of knowledge on which our estimates of the perspective yield have to
made” ([1936] 2007, 149); (2) “a large portion of our positive activities depend on spontaneous
optimism rather than on a mathematical expectation” ([1936] 2007, 161); (3) investors’ actions
are “a result of animals spirits ... and not as the outcome of a weighted average of quantitative
benefits multiplied by quantitative probabilities” ([1936] 2007, 161); and (4) even though “the
state of long-term expectation is often steady ... human decision affecting the future, whether
personal or political or economics, cannot depend on strict mathematical expectation” ([1936]

2007, 162-63).

Recent work lends credence to Keynes’s views on government bonds’ long-term interest rate
dynamics. Akram and Li (2017, 2020a) show the influence of the short-term interest rate on the
long-term interest rate on US Treasury securities. Similar patterns hold in other advanced
countries. Akram and Li (2020b, 2020c), Akram and Das (2020), and Das and Akram (2020)
respectively show that empirical analysis reveals that there are strong positive correlations
between the long-term interest rate and the short-term interest rate in Japan, the United Kingdom,
Australia, and Canada. Deleidi and Levrero (2021) find the central bank can permanently affect
the long-term interest rate through its influence on the short-term interest rate using US data.
However, Rahimi (2014) and Rahimi, Chu, and Lavoie (2017) find a significant two-way
Granger causality relationship between the short-term interest rate and the long-term interest rate
in United States. Using data from six financial centers (US, eurozone, Germany, UK, Japan, and
Canada), Gabrisch (2021) reports that Keynes’s contention holds. Based on econometric analysis
of 17 advanced countries, Kim (2021) argues that the central bank of countries with a sovereign
currency can influence government bond yields to a significant extent, irrespective of the

government debt ratio and market sentiment.

Econometric analysis of the data in several emerging markets shows that the relationship
between the short-term interest rate and the long-term interest rate also holds there. Akram and

Das (2019) and Vinod, Chakraborty, and Karun (2014) provide evidence of this for India, while



Akram and Uddin (2020, 2021) do so for two key Latin American countries, namely Brazil and
Mexico. The overall evidence from recent empirical studies, which shows that the short-term
interest rate and the long-term interest rate are usually strongly correlated, suggests that
multifactor Keynesian models can enrich the theoretical understanding of the long-term interest

rate’s dynamics and their relationships with fundamental macroeconomic and financial variables.

3. KEYNESIAN MODELS OF LONG-TERM INTEREST RATE DYNAMICS

Although there has been a proliferation of empirical studies vindicating the Keynesian approach
to understanding the dynamics of the long-term interest rate, benchmark interest rate models in
quantitative finance—such as Vasicek (1977), Dothan (1978), Cox, Ingersoll Jr., and Ross
(1985), Ho and Lee (1986), Black, Derman, and Toy (1990), Heath, Jarrow, and Morton (1992),
Heston (1993), Hull and White (1990), Kalotay, Williams, and Fabozzi (1993), Jamshidian
(1995), and Brace, Gaterk, and Museiela (1997)—do not incorporate Keynes’s insights on
interest rate models. A close reading of Rebonato’s (2004) comprehensive discussion of interest
rate models shows that Keynes’s insights are yet to be comingled with mainstream quantitative
finance. The existing multifactor interest rate models, such as Longstaff and Schwartz (1992)
and Chen (1996), fail to integrate Keynes’s insights. There are a few theoretical models that
advance Keynesian views, such as those found in Akram (2021b, 2021c¢), but these are one-
factor interest rate models. However, multifactor interest rate models with a Keynesian
perspective can be quite useful for empirical analysis, as well as in policy formulation,
implementation, and evaluation. This paper fills a consequential lacuna by developing two
multifactor models that embody Keynesian insights on interest rate dynamics. The mathematical
concepts deployed in the models presented below are based on Papoulis (1984) and Karatsas and

Shreve (1997).



Model 1

In this model, the long-term interest rate is R; . The short-term interest rate is rgy. The central
bank’s policy rate is 7.5, and the expected inflation is 7%, while 7 is the central bank’s inflation
target. Z,, Z,, and Z5 are Weiner processes. The parameters of the models are

a;,a,,as, by, by, cq,Cy.

The model is expressed in the following three equations:

dRpr(t) = (a;7sp(t) + apmt (B))dt + az\/rgr(t)dZ, [1]
drsr(t) = by(rcp(t) — rsp(t))dt + by Tsp(t)dZ, 2]
drt (t) = ¢, (@@ — mE (£))dt + ¢,/ E(t)dZ; [3]

Equation [1] relates the dynamics of the long-term interest rate to the short-term interest rate,
inflation expectations, and a Weiner process adjusted by the short-term interest rate. Equation [2]
ties the dynamics of the short-term interest rate to the difference between the central bank’s
policy rate and the short-term interest rate and a Weiner process adjusted by the short-term
interest rate. Equation [3] connects the dynamics of inflation expectations to the difference
between the central bank’s target inflation and inflation expectations and a Weiner process

adjusted by inflation expectations.

Model 2

In this model, the long-term interest rate is R; . The short-term interest rate is rgy. The central
bank’s policy rate is 7c5. Expected inflation is 7w, while 7 is the central bank’s inflation target. y
represents financial market volatility, while T(t) is an exogenous shock. W is a Weiner

processes. The parameters of the models are a4, @, as, 5,7, 6.



dR;r(t) = (“17'sr(t) + “Z”E(t))dt + x(O)rsp(&)dW (D) [4]

drsr(r) = B(rep(t) — rer(D))dt + x(8) [rsr(O)dAW(t) [S]
dnf(t) = y(@ — nf(t))dt + x(t)/ mE(t)dW (t) [6]
dx(t) = 8(x — x(®)dt + (t)/ x(O)dW (t) [7]

Equation [4] relates the dynamics of the long-term interest rate to the short-term interest rate and
inflation expectations and a Weiner process adjusted by the volatility of financial markets and
the short-term interest rate. Equation [5] expresses the dynamics of the short-term interest rate as
a function of the difference between the central bank’s policy rate and the short-term interest rate
and a Weiner process, adjusted by the volatility of the financial markets and the short-term
interest rate. Equation [6] connects the dynamics of inflation expectations to the difference
between the central bank’s inflation target, inflation expectations, and a Weiner process adjusted
by the volatility of financial markets and inflation expectations. Equation [7] expresses the
dynamics of financial market volatility as a mean reverting process and a Weiner process

adjusted by an exogenous shock and financial market volatility.

4. CONCLUSION

This paper has presented two multifactor models of the long-term interest rate embodying
Keynes’s insight that the central bank’s policy rate influences the long-term interest rate
primarily through the short-term interest rate. The multifactor models presented here can be
useful in translating Keynes’s insights into specific functional forms for understanding interest
rate dynamics and evaluating which specifications best capture the underlying processes. These
models can be extended to examine of the effects of other relevant variables—such as
government debt or deficit ratios, market sentiments, the exchange rate, or the growth of

industrial production or economic activity—on government bond yields. If the short-term interest
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rate is a key driver of the long-term interest rate, there are important implications for
macroeconomics and finance. The central bank of a country with monetary sovereignty can have
a substantial influence over government bond yields through the policy rate and monetary policy

actions.

These models show the long-term interest rate as a function of the short-term interest rate, other
macroeconomic and financial variables, and Wiener processes. The models are represented as
stochastic differential equations to mathematically convey Keynes’s insight on interest rate
dynamics, which drew on his conceptions of ontological uncertainty, liquidity preference, animal
spirits and endogenous expectations, institutional features of capital markets and financial firms,
and investors’ behavior and psychology. The Keynesian approach to modeling interest rate
dynamics has found support in empirical studies in recent years. It is hoped that modifying
benchmark models to incorporate Keynes’s insights in a multifactor setting will advance the
Keynesian approach to understanding the dynamics of the long-term interest rate on government

bonds.
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